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Abstract: In this paper, we have investigated the dynamic response, vibration control technique,
and upright stability of an inverted pendulum system in an underwater environment in view point
of a conceptual future wave energy harvesting system. The pendulum system is subjected to a
parametrically excited input (used as a water wave) at its pivot point in the vertical direction for
stabilization purposes. For the first time, a mathematical model for investigating the underwater
dynamic response of an inverted pendulum system has been developed, considering the effect
of hydrodynamic forces (like the drag force and the buoyancy force) acting on the system.
The mathematical model of the system has been derived by applying the standard Lagrange
equation. To obtain the approximate solution of the system, the averaging technique has been utilized.
An open loop parametric excitation technique has been applied to stabilize the pendulum system
at its upright unstable equilibrium position. Both (like the lower and the upper) stability borders
have been shown for the responses of both pendulum systems in vacuum and water (viscously
damped). Furthermore, stability regions for both cases are clearly drawn and analyzed. The results
are illustrated through numerical simulations. Numerical simulation results concluded that: (i) The
application of the parametric excitation control method in this article successfully stabilizes the newly
developed system model in an underwater environment, (ii) there is a significant increase in the
excitation amplitude in the stability region for the system in water versus in vacuum, and (iii) the
stability region for the system in vacuum is wider than that in water.
Keywords: underwater inverted pendulum; parametric excitations; stability border; hydrodynamics
forces; energy harvesting
1. Introduction
Global climate changes are rapidly transforming into more fatal and complex environmental
disasters, happening all around the world. Abundant emission of hazardous gases form coal fired
Energies 2020, 13, 5215; doi:10.3390/en13195215 www.mdpi.com/journal/energies
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energy plants is one such kind of severe climate change. That is why the world energy paradigm is
shifting from existing hazardous gas emission energy plant to finding new renewable and clean energy
sources (such as photo-voltaic solar cells, nuclear energy, and ocean energy, etc.). The basic aim of
this research article is to propose an initial concept related to energy harvesting from water waves
devices. Moreover, this study has potential benefits in the field of underwater under-actuated robotic
arm system.
In this article, the dynamic response characteristics of an inverted pendulum system in viewpoint
of a future wave energy harvesting device in an underwater environment are discussed. The problems
associated with the dynamic response and parametric excitation control of the pendulum system are
also addressed. Simple water waves are simulated through the concept of parametric excitations.
Parametric excitation phenomena are widely used in the control design of various mechanical and
electrical dynamical systems. Moreover, nowadays, parametrically excited pendulum systems are
getting a huge attention in the development of wave energy converters and in various kind of energy
harvesting devices. It is believed that wave energy can be successfully harvested if pivot point of an
inverted pendulum system oscillates at a constant speed. This pivot point, oscillating with a constant
speed in the horizontal direction will be attached to a generator. The attached generator will then
produce electrical energy. Figure 1 shows the proposed conceptual schematic diagram of the wave
energy harvesting system.
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without the development of a new model of an inverted pendulum system for stabilization purposes.
Therefore, it is necessary first to obtain the dynamic model of a pendulum system while keeping in
view the impact of the hydrodynamic forces on its surface. A pendulum-based system model has been
used to show the response of water on a submerged body [2]. In addition, the dynamic response of a
viscously damped and non-rotating single degree of freedom (DOF) pendulum system is investigated
theoretically and experimentally. Several other works related to the development of dynamic models
of different systems in water can be referred to in previous studies [3–6].
For at least one century, an inverted pendulum system has been considered as a benchmark
system in designing, controlling, stabilizing, and testing of numerous nonlinear mechanical control
applications, like boxingbots [4], segway [7], and an inverted pendulum cart system [8]. There are a
number of standard control techniques that exist in the control engineering area, which have been
tested on an inverted pendulum model prior to their implementation on the real systems [4,7–11].
For example, the design of an active stabilizing system for a single-track vehicle system was studied [12],
and an intelligent control and balancing technique for a robotics system has been formulated [13].
A fuzzy controller has been suggested to solve the trajectory tracking problem of the inverted pendulum
attached to a cart system [14], while a particle swarm optimization-based neural network controller
has been designed for solving a real world unstable control challenge [15]. The mechanical systems
mentioned above have been developed based on the dynamic design of pendulum systems in an open
environment like air or vacuum. However, the work on the design and upright stability of a pendulum
system in water (i.e., a viscously damped system) by introducing parametric excitations at its base has
not yet been reported.
There already exist a number of scientific researches in the literature on the upright stability control
of a statically unstable system through parametric excitations. Moreover, there are various control
techniques which can be applied for control and stabilization purposes of an inverted pendulum
system. Parametric excitation is one of the famous techniques that can be applied for such purposes.
It is an open-loop control technique, and this technique does not require any state measurements of the
plant. Initially, S. M. Meerkov had done some work on developing a general theory for parametrically
excited systems [16]. He examined the effects of parametric excitations on the response of a controlled
system by showing its stability and transient motion analysis. Furthermore, he introduced a control
theory for a class of linear finite dimensional systems. Several approaches of parametrically excited
systems are based on an averaging method. These approaches gained a greater attention in many
other fields, including linear and non-linear control system theories. Since S. M. Meerkov’s publication
on vibrational control systems, numerous other researchers have also done research in parametric
excitations and stability of linear and non-linear dynamical systems by using an averaging technique,
and without averaging technique [17–22].
It has already been discussed [16] that the parametric excitation control principle is based on
the introduction of vibrations (like with zero mean value). Many researchers have used different
dynamical systems and introduced the vibrational control system theory. In a previous study [23],
the author has shown another method for parametric excitations of an under-actuated mechanical
system; this method is the application of the geometric control technique in the differential geometry to
determine necessary oscillatory inputs for stabilization and trajectory tracking. Numerical simulations
are carried out to investigate stable domains of an inverted pendulum system [24]. The authors have
shown that the loss of stability at larger value of amplitudes observed to follow Hopf bifurcation
phenomena. They have further drawn a stability diagram for a pendulum system. A geometrical
picture of an inverted pendulum behavior is given in a previous study [25]. Here, the reason behind the
stability of a pendulum system through high frequency vibrations is examined. Averaging technique
and vibrational control theory of mechanical systems were studied previously [26]. A link between
averaging method and controllability theory is discussed by linking the concepts of averaged potential
and symmetric product. The dynamic behavior of vertical structure of marine riser applications in
the presence of hydrodynamic forces and under parametric excitations was studied previously [3].
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The author has shown the dynamic response features of the system for undamped and damped cases,
separately. His results illustrated that the effects of internal resonances due to the parametric excitations
can be eliminated by considering the effect of hydrodynamic forces in the system dynamic model.
Stabilization of upright vertical position of an inverted pendulum system by applying vibrational
control is studied in another research [27]. A formula is also derived for the limit of region of stability of
solutions of the Hill’s equation and with damping in the neighborhood of the zeroth natural frequency.
A technique for determining the damping ratio of a parametric pendulum is presented in a report [28].
Pendulum rotations under parametric excitations from viewpoint of energy harvesting purpose are
studied in another research [29]. As the uncontrolled system exhibits complex dynamics, thus the
authors considered an added control torque method and obtained the optimal period-1 rotational
motion for maximum energy harvesting. It was found that the limiting optimal solution gives about
a quarter more energy harvesting than the uniform rotations generates. Moreover, the rotations of
a parametrically excited pendulum system fitted on a floating support and were forced to move
vertically under the influence of wave currents, and on the basis of a dedicated wave flume, laboratory
experiments have been presented in [5]. Dynamics of the N-pendulum system and its application
to wave energy are presented in a report [30] where numerical simulations were conducted for an
experimental rig targeting under development to test the functionality of the concept and modeling
the response of the N-pendulum. In one study [22], the authors investigated whether a parametric
excitation control method can also be used for dynamic mechanical systems without the application
of the averaging method. Furthermore, authors have shown that this control technique can also be
used via stability plots and by using Mathieu equation. In another work [31], authors have presented a
control approach for a parametrically excited pendulum system in view point of energy extraction
from an oscillatory motion and sea currents. They have shown that the stable rotations can be obtained
regardless of the forcing conditions and for every set of initial conditions. They have further stated
that their control method can be used in designing the autonomous pendulum harvester devices.
Many authors have used different systematic and numerical techniques to determine the
suitable conditions for stability and stable regions for pendulum systems. The stability border
was calculated for an undamped case of an inverted pendulum by using the averaging method
reported previously [32], whereas the stability border was calculated by using a numerical approach
(i.e., approximate solution) [33]. The Floquet theory was used in another study [34] to determine
the lower stability border in the closed form for a parametrically excited inverted pendulum system.
The authors also computed the stability borders for both the undamped and viscously damped cases,
and have shown that, at larger damping values, the forcing amplitude for a given frequency increases
for the damped case as compared with an undamped case. The authors have investigated the dynamic
response of a tilted parametric pendulum in a study [35] where they have plotted the control space
diagram of major bifurcation loci for the inverted solutions of a pendulum system. Many authors have
used parametric excitations for analyzing the dynamic responses and stability of marine risers [36–38].
More recently, a stability analysis of a deep water marine riser under the parametric excitations was
studied [39].
To the best of our knowledge, there have been no studies found on the dynamic behavior and
parametrically excited control of an inverted pendulum system in water in view point of wave
energy harvesting purposes. This paper presents the dynamic response, upright control, and stability
formulism of a pendulum system both in vacuum and in water, when subjected to a parametric
excitation input in vertical direction at the support point for the purpose of stabilization. For the first
time, a new dynamic model for investigating the underwater response of an inverted pendulum system
has been developed, considering hydrodynamics forces. An averaging technique has been applied
to obtain an approximate solution of the system. Furthermore, an open loop parametric excitation
control technique has been applied to stabilize the pendulum at its upright unstable equilibrium
position. We have plotted both the lower and upper stability borders of the pendulum system in
vacuum as well as in water, which results in obtaining the corresponding stability regions of the
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pendulum system. The results are illustrated through numerical simulations. The simulation plots
show the following observations: (i) The applied parametric excitation method proposed in this article
successfully stabilized the newly developed pendulum system model in water, (ii) there is a significant
increase in the excitation amplitude in the stability region for the system in water versus in vacuum,
and (iii) the stability region for the system in vacuum is wider than that in water.
The rest of this article is summarized as follows. The physical system, problem formulation
statement, and dynamic model of the inverted pendulum system in water are expressed in Section 2.
Parametric excitation control of both systems is discussed in Section 3. Simulations, maximum energy
harvesting, and various kinds of inverted pendulum systems responses in vacuum and in water are
presented in Section 4. Finally, conclusions of this work are drawn in Section 5.
2. Statement of Problem Formulation
2.1. Pendulum System in Vacuum
The equation of motion of a simply undamped inverted pendulum in a vacuum environment
with vertically driven support point oscillating with y(t) = µsin(ωt), forcing amplitude (µ), and the
forcing frequency (ω) is given as:
..
θ =
(
g
l
−
µω2 sin(ωt)
l
)
sinθ (1)
where l is length of pendulum system and g is gravitational force. Since we are dealing with stabilization
of vertically upright unstable equilibrium position of the inverted pendulum system, we linearized the
nonlinear Equation (1) around θ = 0. By assuming that sinθ ≈ θ, then, the linearized equation obtained
is given as:
..
θ =
(
g
l
−
µω2 sin(ωt)
l
)
θ (2)
2.2. Pendulum System in Water
It is assumed that the underwater pendulum system is free to vibrate around its pivot point,
and water is at rest. The underwater system experiences hydrodynamics forces acting on it relative
to its motion, fluid viscosity, fluid velocity, and volume of the submerged body, etc. In such cases,
the hydrodynamic forces cannot be neglected and create problems in controlling underwater systems.
Such type of systems exhibits an example of viscously damped systems. The dynamics analysis
and control of such underwater systems can be very useful to understand the physical behavior of
these kinds of systems. For this purpose, we have studied and compared the stability and control
performance of pendulum systems in both mediums (like vacuum and in water).
An inverted pendulum has two equilibrium points (0, π): zero is upright and unstable equilibrium
position and 180 degree is downward stable equilibrium position. This work considers the model of
pendulum system in an underwater environment when parametric excitations are applied vertically
at its support point to control the system at its upright unstable position. The pendulum is directly
attached to the vibrating base that produces periodic oscillation at a desired smaller amplitude and
higher frequency. Figure 2a,b shows pendulums in vacuum and water, in which the hydrodynamic
force and the buoyance force appear in Figure 2b. (xo,yo) are the coordinates of the mass, l is length of
pendulum, θ(t) is deviation angle from the vertical line in radian, m is mass of inverted pendulum,
FB is buoyancy force, FD is drag force, and µsin(ωt) is the parametric input at the support point.
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where CD is drag force coefficient, Ap is object’s dimensions, ν is relative velocity between the static
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is taken into account. Additionally, buoyancy force can be obtained from the following equation as:
FB = ρwVrg (4)
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where Vr is volume of inverted pendulum system. As whenever a body moves in a fluid, it also carries
its own mass. This mass is defined as added mass (it is inertia added to a body, when the body moves
some volume of surrounding fluid during its movements in a fluid), and this also gives an additional
inertia to the system. This added mass is obtained from the following equation:
ma = CaρwVr (5)
where Ca is called added mass coefficient.
The mathematical dynamic model of an inverted pendulum in water is obtained by applying the
Lagrange method. The pendulum system in water is free to rotate around its vertical upright unstable
position when parametric input is applied, thus resulting is a system that has one DOF. The deviation
angle θ(t) is assumed to be the only generalized coordinate. Additionally, the kinetic energy (T) and
potential energy (U) of the inverted pendulum system in water are derived from Figure 2b as follow:
T =
1
2
mv2 (6)
U = (mrg− FB)yo (7)
where mr is the mass of inverted pendulum in water, ν is velocity of the system, and FB is buoyancy
force acting on the pendulum system in an upward direction. Velocity v2 represents a vector quantity
and is defined as variation in the position of the system and is given as follows:
v2 = l2
.
θ2 − 2µlω sinθ cos(ωt)
.
θ+ µ2ω2 cos2(ωt) (8)
Now, the sum of all damping coefficients in conjunction with the movement of the pendulum
system in water can be written in the form of a so-called dissipation energy (D) and is given by:
D =
1
2
Dθ
.
θ2 (9)
where Dθ is called as dissipative force coefficient and it is associated with the motion of the pendulum
system in water. It is the sum of the viscous angular damping coefficient (Cv), mechanical damping
(Cm), and electrical damping (Ce). As the drag force is the only opposing force that acts on the
pendulum system under consideration, it can be represented as:
Q = sign(v)FD (10)
The drag force signal changes according to the angular movements of pendulum system [2].
If the angular movement is in clockwise direction, then the drag force signal is positive, otherwise
it will appears as negative. The equation of motion of an underwater inverted pendulum system
can be derived through the standard Lagrange method for a single DOF and a non-conservative
system. Substituting Equations (6)–(10) in the Lagrange equation and performing the corresponding
derivations yields the mathematical dynamic equation of a pendulum system in water including the
expression for a parametric excitation input source as:
..
θ =
1
ml2
((
(mrg− FB)l−mµlω2 sin(ωt)
)
sinθ−Dθ
.
θ+ sign(v)FD
)
(11)
where m = mr + ma, µ is amplitude, ω is frequency of the oscillatory input system, and FD, FB, and Dθ
are explained as in Equations (3), (4) and (8), respectively. The above nonlinear equation of an inverted
pendulum system in water describes the dynamic behavior and motion characteristics of this system.
The dynamics of such system can be segregated in two phases. The first is without, and the second is
with the parametric excitation input, respectively.
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3. Parametric Excitation Control
This section discusses the parametric excitation control method for a newly developed underwater
(viscously damped) inverted pendulum system model through the averaging method. An inverted
pendulum system shows the behavior of a second-order nonlinear dynamical system. The dynamic
equation of the system and its corresponding approximate solution through the averaging method are
discussed in the following section. For comparison purposes, the dynamic model of the pendulum
system in vacuum is also presented.
3.1. Parametric Excitation Control of an Inverted Pendulum in Vacuum
As the exact solution of Equation (2) cannot be obtained directly, that is why we need to find an
approximate solution of the system. By applying the averaging method on Equation (2), the averaged
equation of the system with constant coefficients is obtained as follows:
..
θav =
(
g
l
−
µ2ω2
2l2
)
θav (12)
Equation (12) follows the reasoning that if the constant oscillations of lower excitation amplitude
(i.e., smaller than the inverted pendulum’s length) and higher forcing frequency (i.e., larger than that of
the systems natural frequency) are applied with the condition µ2ω2 > 2gl, then, the induced vibrations
asymptotically stabilize the averaged system in Equation (12) and the linearized inverted pendulum
system in Equation (2). Hence, the lower stability border for the inverted pendulum system is given by
the following inequality:
µ2ω2 − 2gl > 0 (13)
3.2. Parametric Excitation Control of Inverted Pendulum in Water
The linearized dynamic system model of the pendulum system by assuming sinθ ≈ θ,
from Equation (11), can be written as:
..
θ =
1
ml2
((
(mrg− FB)l−mµlω2 sin(ωt)
)
θ−Dθ
.
θ+ sign(v)FD
)
(14)
Now, applying the averaging method on Equation (14), the averaged equation of the system with
constant coefficients obtained is as follows:
..
θav =
(
(mrg− FB)
ml
−
µ2ω2
2l2
)
θav −
Dθ
.
θav
ml2
+ sign(v)
FD
ml2
(15)
Equation (15) tells that when the constant input of parametric excitations of lower amplitude and
higher frequency are applied by satisfying the following inequality:
µ2ω2 > 2(mr g− FB)l/m (16)
Then, the applied input vibrations asymptotically stabilize the averaged system given in (15) and
linearized pendulum system in water given in (14). Hence, the lower stability border of an inverted
pendulum system in water is given by the following inequality:
µ2ω2 − 2(mr g− FB)l/m > 0 (17)
4. Numerical Simulation Results
This section presents the upright parametric excitation control, stability analysis, and the
comparison of both un-damped system and inverted pendulum system (damped) in water, respectively,
via simulations. The fourth-order Runge-Kutta (RK) method is used to compute numerical simulations
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results (MATLAB’s Simulink Toolbox was used for this purpose) of both non-linear inverted pendulum
systems, given by Equations (1) and (11), respectively. Simulation values [1] used for the pendulum
system are given in Table 1.
Table 1. Values.
No. Quantities Values
1 Mass, mr (Kg) 0.165
2 Length, l (m) 1
3 Diameter, d (m) 0.01
4 Gravitational force, g (m/s2) 9.81
5 Coefficient of drag force, CD 1.28
6 Coefficient of added mass, Ca 2.0
7 Water density ρw, (Kg/m3) 1000
In the first phase, both inverted pendulum systems are displaced by 1 rad from their upright
unstable upward equilibrium positions and without the application of any parametrically excited
input. Figure 3 shows the time response and deviation (red line represents the upright equilibrium
point of the pendulum systems) of angular displacements of inverted pendulum systems in vacuum
(dash line), and in water (solid blue line) in the presence of hydrodynamics forces.
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The reason behind this difference is that the inverted pendulum system in an underwater
environment is under the strong influence of hydrodynamics forces and represents a viscously damped
system. There is also a significant increase in the excitation amplitude in the stability region for the
system in water as compared with the pendulum system in vacuum. The above results are discussed
for an undamped and damped pendulum cases in a previous study [35].
In the second phase, both the pendulum systems are initially taken away from their upright unstable
position (zero rad) to 0.01 rad. Figure 6 shows a numerical simulation of an inverted pendulum system
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These three points are illustrated in Figure 4b with blue circular dots. Figure 7a shows that the
system is not stable around our targeted desired position, but it is showing an oscillatory behavior at
another location. As mentioned in the literature, a pendulum system under parametric excitations
would have more than one stability points (e.g., it may be showing stability around 45 degrees, etc.).
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the strong effect of hydrodynamic forces.
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Figure 7. Numerical simulation: (a) ω = 6.5, µ = 0.05; (b) = 12, µ 0.05; a (c) 40, µ = 0.05.
Maximum Energy Harvesting
Figure 8a–l demonstrates the tim responses f he parametrically controlled stable pendulum
systems in vacuum and i wat r for several valu s of applied input of small amplitudes and higher
frequencies. It is clearly vident from Figure 8a–f that the pendulum system is stable a ound its
upright equilibrium position, but is co inu usly oscillating in ca e of vacuum medium. This m ans
that these values of applied input of ampli ude and frequency could not harvest maximum energy
due o the fac that larger deviatio s from the equilibrium poin could cause further vibrations in the
entire syst m. It can be clearly observed from Figure 8g–l that the pendulum system is asymptotic lly
stable arou d its u right equilibriu position in case of water which is a qu te favorable condition for
the operations of wave energy harvesting devi es. This shows that these values of applied input of
amplitude and frequency could continuously harvest the maximum amount of energy without safety
hazards. Moreover, as mentioned in the literature, input values of applied amplitude and frequency
for maximum energy harvesting might vary in case of complex water waves. As a result, up down
movements of rectangular base attached at the base of the pendulum system could perform more
complex motion profiles.
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5. Conclusions
In this article, the phenomenon of dynamic stabilization and parametric excitation control for both
the inverted pendulum syste s (i.e., in vacuum and in water) is presented. Lagrangian approach has
been used to derive the mathematical model for the study of dynamic analysis of a pendulum system,
inclu ing the effect of hydrodynami f rces into account. The aver ging met od has been used to
obtain the approximate solution f r both ystems. Moreover, he tability r gions for bo h systems
are illustrated through numerical simulations. The stabili y region gr phs illustrate that any chos n
combi ation of input of lower amplitude and higher frequency lying insid a stable region stabiliz s
and lying outside the stable region destabilizes both systems. The stability region graphs show that,
fo the pendulum system in water, the excitation amplitud for a specific forcing frequency inc eases
as compared with the pendulum sys em in vacu m. The results illustrate that there is a signific nt
increase in the ex ita io amplitude in the stability region for the underwater system as compared with
the inverted pendulum sys em in vacuum. F rthermore, the entire system can be subj cted to moving
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water disturbances and can be taken as a bench mark start point in designing wave energy harvesting
devices in the future.
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